Abstract-We show that in understanding foundations of modern physics, with its 10-dimensional (and higher-dimensional) space-time models, it is very helpful to use the main ideas behind fuzzification -extension of arithmetic operations and elementary functions from exact numbers to fuzzy numbers. The resulting formalism is, from the mathematical viewpoint, somewhat more complex than the traditional fuzzy arithmetic, but it is still much simpler than the quantum field theory -and thus, it helps to make several important ideas from foundations of modern physics much more intuitively clear.
I. DATA PROCESSING: GEOMETRIC INTERPRETATION IS NEEDED
Our interest originated from the needs of data processing; the data to be processed consists of values of several measured quantities, i.e., usually, several real numbers. In the computer, the sequence of real numbers (x1, . . . , x,) is represented as an array, i.e., in mathematical terms, as an n-dimensional vector (an element of an n-dimensional space).
This reformulation in terms of n-dimensional geometry often enables us to reformulate non-visual notions from data processing in more visual geometric terms. For example:
. When we use Gaussian distribution, then the level sets of this distribution forms ellipsoids in this n-dimensional space.
. An a priori relation between the variables, if linear, describes a plane in this n-dimensional space.
For small nr (< 3 or 4), this geometric interpretation is often helpful for data processing, because we can then use: our geometric intuition and geometric results developed in geometry and physics to simplify data processing methods. It would be nice to have similar geometric techniques for larger n, but for larger n, we do not have ready-made geometric results to apply:
. our geometric intuition does not work that well in multidimensional spaces, and . physical results are no longer applicable, because physics is mainly interested in 3D space and 4D space-time. To get such results, we tumed to the areas of physics where multi-dimensional geometries are currently used. II . PHYSICS: 5D GEOMETRY IS USEFUL After the 1916 success of A. Einstein, who explained gravitation by combining space and time into a 4D space, there have been many efforts to explain other physical fields by adding other physical dimensions.
The first successful attempt was made by Th. Kaluza and 0. Klein in 1921. They showed that if we formally consider the equations of general relativity theory in the SD space, the equations for the normal 4 x 4 components gij of the metric tensor still describe gravitation, while the new components gbZ of the metric tensor satisfy Maxwell's equations (under the assumption that 55 = const). Thus, if we go to 5D space, we get a geometric interpretation of electrodynamics.
The only problem with this interpretation is that it is formal: change in first 4 dimensions makes perfect physical sense, while there seemed to be no physical effects corresponding to change in 5th dimension. To solve this problem, A. Einstein and P. Bergmann proposed, in 1938 [1] , that the 5th dimension forms a tiny circle, so that only micro-particles "see" it, while for us, the world is 4D. This is a standard view now in particle physics; see, e.g., [2] , [10] : space is 10-or 11-dimensional, all dimensions except the first four are tiny.
III. THE PHYSICAL MODEL IS UNUSUAL, BUT THIS UN-USUALNESS IS APPROPRIATE FOR DATA PROCESSING
The standard multi-D physical model is unusual geometrically: the space is a cylinder, not a plane anymore. This feature is, however, interestingly related to data processing: some measured data are angles, and angles do form a circle, so these geometric ideas can be directly applied to data processing.
IV. FORMULAS FROM PHYSICAL 5D THEORIES THAT NEED TO BE EXPLAINED IN PURELY GEOMETRIC TERMS
In addition to a nice geometric model, the traditional description of Kaluza-Klein theory requires several additional physical formulas, formulas that look very artificial because they do not have a direct geometric explanation.
In this paper, we will show that, if we take the EinsteinBergmann model seriously, then these formulas can be derived -and thus, they are not additional and ad hoc.
What are these formulas that do not directly follow from the geometric model?
First, the assumption 55= const is artificial. The problem with this idea is that the corresponding formalisms of differential geometry use the underlying linear space structure, i.e., addition and multiplication by a scalar. We still have addition in K, but multiplication is not uniquely defined for angle-valued variables: we can always interpret an angle as a real number modulo the circumference, but then, e.g., 0 2r while 0.6 0 J 0.6 2wr.
VI. WHAT WE SUGGEST
We do need a real-number representation of an angle variable. A more natural representation of this variable is not as a single real number, but as a set {a + n-2-} of all possible real numbers that correspond to the given angle.
Similarly to interval and fuzzy arithmetic, we can naturally define element-wise arithmetic operations on such sets, e.g., A + B = {a + b a E A, b E B}. We can then define tensors as linear mappings that preserve the structure of such sets, and we can define a differ-entiable tensor field as a field for which the set of all possible values of the corresponding partial derivatives is also consistent with the basic structure.
Comment. These results were first announced in [6] , [7] , [12] .
VII. RESULTING FORMALISM: IDEA In mathematical terms, the resulting formalism is equivalent to the following: We start with the space K which is not a vector space (only an Abelian group). We reformulate standard definitions of vector and tensor algebra and tensor analysis and apply them to K: K-vectors are defined as elements of K; Kcovectors as elements of the dual group, etc. All physically motivated conditions turn out to be natural consequences of this formalism.
VIII. K-VECTORS
In the traditional 4-D space-time R4, we can define a vector as simply an element of R4. In our case, instead of 4-D spacetime R4, we have a 5-D space-time K d=f B4 x SR , in which S1 is a circle of a small circumference h > 0 -i.e., equivalently, a real line in which two numbers differing by a multiple of h describe the same point: (x1 ... ,x4, x5) ((X1. . . ,x4,X5 + k-h). Thus, it is natural to define K-vectors as simply elements of K:
On the set of all vectors in R4, there are two natural operations: (commutative) addition a + b and multiplication by a real number A: a -* A Qa. Thus, this set is a linear space.
In contrast, on the the set K of all K-vectors we only have addition, so the set of all K-vectors is not a linear space, it is only an Abelian group.
IX. K-COVECTORS
In physics, an important algebraic object is a covector: vectors describe the location x of a particle, while the corresponding covector p describes the energy and momentum of the corresponding particle. Because of this physical importance, it is necessary to generalize the notion of covectors to the new space.
We would like to provide a generalization that preserves the physical meaning of the connection between vectors and covectors. The physical connection is probably best described in quantum mechanics. In quantum mechanics, due to Heisenberg's uncertainty principle Ax. Ap > h, if we know the exact location of a particle (i.e., if Ax = 0), then we have no information about the momentum (i.e., Ap = oc), and vice versa, if we know the exact momentum (Ap = 0), then we have no information about the particle's location. In other words, if we have a state with a definite momentum p, and we then shift the coordinates by a vector t, i.e., replace x by x + t, the known state of the particle should not change.
In quantum mechanics, a state of the particle is described by a complex-valued function 4/(x) called a wave function. Comment. We have already mentioned that functions on K = R4 x S1 are simply functions on R5 which are periodic in X5 with the period h. Also, a K-covector p can be simply viewed as a covector for which the fifth component p5 is an integer multiple of 1/h. Thus,, e.g., a K-covector field on K can be viewed as a covector field p(x) = (p1(x),... ,p5(X)) on R5 that satisfies the following two properties:
(a) this field is periodic in x5 with period p; (b) for each x, the value p5(X) is an integer multiple of 1/h. It is therefore reasonable to define a general coordinate transformation of K as a coordinate transformation of Rf5 that preserves this property, i.e., under which a covector field that satisfies the properties (a) and (b) are transformed into a covector field that also satisfies these properties. One can see that this leads to the same class of general coordinate transformations.
XVI. GAUGE TRANSFORMATIONS EXPLAINED
According to Proposition 4, every admissible transformation is a composition of a 4D transformation and an additional gauge transformation x5 -* X5 + f(xX,...,X4) -exactly as described by Rumer. XVII. CASE OF CURVED SPACE-TIME In modern physics, space-time is a manifold, i.e., a topological space V which is locally diffeomorphic to R4. Since our basic model is not R4, but K = R4 x S1, it is reasonable to define a K-manifold as a topological space that is locally diffeomorphic to K.
From see, e.g., [9] . However, in contrast to the electromagnetic case, this new potential does not seem to have any physical applications. Why?
Our explanation is simple: while (2) is impossible in the 4D case, it is no longer possible if we consider 5D K-tensor fields. The condition that the tangent transformation is K-linear means that aOs5/0X5 = ±1 (and due to continuity this does not depend on the point x, i.e., either it is everywhere equal to 1, or it is everywhere equal to -1), and asi/Ox5 = 0 for i < 4. Hence, S = ±X5 + ± (x,...,X4) and s (x ,...,x for i < 5.
E. Proof of a the Statement About Hertz Potentials
As we have mentioned, it is possible that 0g55/Ox5 7L 0.
However, if the representation (2) was possible, then we would have og55 092555 4 a2r55i aX5 (OX5)2 i1aXiX5
However, according to our general result about components of K-tensors, all the terms in the right-hand side are Os, so their sum cannot be equal to a non-zero value 09g55/0Jx5.
